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NON-SEPARABLE h-HOMOGENEOUS ABSOLUTE Fσδ-SPACES AND
Gδσ-SPACES
SERGEY MEDVEDEV
Abstract. Denote by Q(k) a σ-discrete metric weight-homogeneous space of weight k. We
give an internal description of the space Q(k)ω. We prove that the Baire space B(k) is densely
homogeneous with respect to Q(k)ω if k > ω. Properties of some non-separable h-homogeneous
absolute Fσδ-sets and Gδσ-sets are investigated.
Introduction
All topological spaces under discussion are metrizable and strongly zero-dimensional (i.e.,
IndX = 0).
The aim of this paper is to characterize the space Q(k)ω for k > ω (see Theorem 2.2).
Combining this result with general theorems about h-homogeneous spaces, we describe some
non-separable h-homogeneous absolute Fσδ-sets and Gδσ-sets. We deal mainly with the non-
separable case, because the similar theorems for separable spaces are already obtained.
About one hundred years ago, an arithmetical example of a strictly Fσδ-subset of the space
N of irrationals was constructed by Baire [Ba]. Let us recall his method. For every n-tuple
t ∈ ωn, where n ∈ ω, take a perfect subset Xt of N . Suppose, for all t ∈ ω
n and i ∈ ω,
Xtˆ i is a nowhere dense closed subset of Xt and the union ∪{Xtˆ i : i ∈ ω} is dense in Xt. Put
En = ∪{Xt : t ∈ ω
n}. Then the intersection E = ∩{En : n ∈ ω} is a strictly Fσδ-subset of N
(see [Ba]). The set E, which is obtained in such a way, is called a canonical element of class 3.
This notion was introduced by Lusin. Keldysh (see [K1], [Ke]) showed that any two canonical
elements of class 3 are homeomorphic. Clearly, every canonical element of class 3 is a space of
first category.
Sierpinski observed that the property of being an absolute Fσδ-set is internal. Consider a
separable space X . Let {Xt : t ∈ ω
n, n ∈ ω} be a family consisting of closed subsets of X
such that X = ∪{Xi : i ∈ ω} and every Xt = ∪{Xtˆ i : i ∈ ω}. Suppose, for every χ ∈ ω
ω
and an arbitrary point xn ∈ Xχ↾n, the sequence {xn : n ∈ ω} converges to a point x ∈ X .
Sierpinski [Si] proved that under these conditions the space X is an absolute Fσδ-set. In a
sense, the Sierpinski result is a converse of the Baire theorem.
Using the Sierpinski method, van Engelen [E1] obtained a topological characterization of
the space Qω, where Q is the space of rationals. Namely, he showed that every separable
absolute Fσδ-set of first category, which is nowhere absolute Gδσ, is homeomorphic to Q
ω. This
2010 Mathematics Subject Classification. Primary 54H05, 54F65; Secondary 54E52, 03E15.
Key words and phrases. h-homogeneous space, set of first category, Fσδ-set, Gδσ-set.
1
2 S. V. MEDVEDEV
implies that Qω is a canonical element of class 3. Moreover, van Engelen [E1] proved that the
Cantor set C is densely homogeneous with respect to Qω. In [E2] van Engelen described all
homogeneous Borel sets which are either an Fσδ-subsets or a Gδσ-subsets of the Cantor set C ,
but not both (see also [E3] and [E5]).
In the paper we use (and modify to the non-separable case) the above theorems and a
technique from Saint Raymond [SR], van Mill [Mi], van Engelen [E1], [E2], and Ostrovsky [O2].
The paper is organized as follows: in Section 1 we prove some lemmas to obtain a good
representation of an absolute Fσδ-set (see Lemma 1.10). In Section 2 we give a description
of the space Q(k)ω for k > ω (see Theorem 2.2). In Section 3 we investigate the products
Q(τ)×Q(k)ω and their dense complements in the Baire space B(τ), where ω ≤ k ≤ τ .
1. Notation and some lemmas
For all undefined terms and notation see [En].
X ≈ Y means that X and Y are homeomorphic spaces. A clopen set is a set which is both
closed and open. A strongly zero-dimensional space X is called h-homogeneous (or strongly
homogeneous, see [Mi], [E4]) if every nonempty clopen subset of X is homeomorphic to X .
Every h-homogeneous space is homogeneous, but the converse does not hold. A space X is
called weight-homogeneous if for every nonempty open subset U ⊆ X we have w(U) = w(X).
For a cardinal k put Ek = {X : X is a weight-homogeneous space of weight k and IndX = 0}.
Clearly, every h-homogeneous space X ∈ Ek for k = w(X).
Let P be a topological property. A space X is nowhere P if no nonempty open subset
of X has property P. Let P1 and P2 be topological properties; we write X ∈ P1 + P2 if
X = A ∪B, where A has property P1 and B has property P2.
Let U be a family of subsets of a metric space (X, ̺). Put ∪U = ∪{U : U ∈ U } and
meshU = sup{diam(U): U ∈ U }. Denote by [U ] the family {clXU : U ∈ U }. If f : X → Y
is a mapping, then we write f(U ) = {f(U) : U ∈ U }.
Let k ≥ ω. In [M1] we proposed to consider the space Q(k) as a non-separable analogue of
weight k for the space Q of rational numbers. By definition, Q(k) is a σ-product of ω copies of
the discrete space D of cardinality k with a basic point (0, 0, . . .) ∈ kω, i.e.,
Q(k) = {(x0, x1, . . .) ∈ k
ω : ∃n∀m(m ≥ n⇒ xm = 0)}.
Clearly, Q(ω) ≈ Q. A topological description of the space Q(k) is given by the following
theorem (see [M1]).
Theorem 1.1. Let X be a σ-discrete metric space of weight k that is homogeneous with respect
to weight. Then X is homeomorphic to Q(k).
Corollary 1.2. The space Q(k) is h-homogeneous for every cardinal k.
Lemma 1.3. [O1] Let Ai be a nowhere dense closed subset of a metric strongly zero-dimensional
space (Xi, ̺i), i ∈ {1, 2}. Let X1 \A1 and X2 \A2 be homeomorphic h-homogeneous spaces. If
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f0 : A1 → A2 is a homeomorphism, then there exists a homeomorphism f : X1 → X2 such that
the restriction f |A1 = f0.
Lemma 1.4. Let Ai be a nowhere dense closed subset of an h-homogeneous space (Xi, ̺i),
i ∈ {1, 2}. Let g : X1 → X2 be a homeomorphism such that g(A1) = A2. Then for a homeo-
morphism f0 : A1 → A2 and ε > 0 satisfying ̺2(g|A1, f0) < ε there exists a homeomorphism
f : X → X such that the restriction f |A1 = f0 and ̺2(g, f) < ε.
Proof. ForX1 = X2 = C , where C is the Cantor set, the lemma was proved by van Engelen [E1,
Theorem 2.2] (see also [Mi]).
Suppose X1 and X2 are not compact. Put δ = ε − ̺2(g|A1, f0) > 0. Take a discrete clopen
cover U of X1 by sets of diameter less than δ/4. Let U 2 = {U
2
t : t ∈ T} be a discrete
clopen cover of X2 such that U 2 refines g(U ) and meshU 2 < δ/4. Put U
1
t = g
−1(U2t ). Then
U 1 = {U
1
t : t ∈ T} is a discrete clopen cover of X1 and meshU 1 < δ/4.
Let T∗ = {t ∈ T : U
1
t ∩A1 6= ∅}. Put V
i
t = U
i
t ∩Ai, where i ∈ {1, 2} and t ∈ T∗. The family
V2 of nonempty intersections {V
2
s ∩ f0(V
1
t ) : s ∈ T∗, t ∈ T∗} forms a discrete clopen (relative to
A2) cover of A2. Hence, the family V1 = {f
−1
0 (V2) : V2 ∈ V2} is a discrete clopen (relative to
A1) cover of A1.
For every V1 ∈ V1 there exists exactly one t ∈ T∗ such that V1 ⊆ V
1
t ⊂ U
1
t . Then V2 =
f0(V1) ⊆ V
2
s ⊂ U
2
s for some (unique) s ∈ T∗. Since IndX1 = 0 and V
1
t is closed in U
1
t , there
exists a retraction r1t : U
1
t → V
1
t . The set V1 is clopen in V
1
t ; this implies that W1 = (r
1
t )
−1(V1)
is a clopen subset of U1t and W1 ≈ X1. Similarly, there exists a retraction r
2
s : U
2
s → V
2
s , and
W2 = (r
2
s)
−1(V2) ≈ X2. The set Vi is nowhere dense and closed in Wi for i ∈ {1, 2}. Therefore,
W1 \ V1 and W2 \ V2 are homeomorphic h-homogeneous spaces. By virtue of Lemma 1.3
there exists a homeomorphism fW1 : W1 → W2 such that the restriction fW1|V1 = f0 and
fW1(V1) = V2. By construction, diam(W2)< δ/4.
Take two points a ∈ V1 and x ∈ W1. Then
̺2(g(x), fW1(x)) ≤ ̺2(g(x), g(a)) + ̺2(g(a), fW1(a)) + ̺2(fW1(a), fW1(x)) ≤
≤ δ/4 + ̺2(g(a), f0(a)) + δ/4 ≤ ̺2(g|A1, f0) + δ/2 < ε.
Let us construct the mapping f : X1 → X2. Take a point x ∈ X1. If x ∈ U
1
t for t ∈ T \ T∗,
then we define f(x) = g(x). If x ∈ U1t , where t ∈ T∗, then r
1
t (x) ∈ V1 ⊆ V
1
t for some V1 ∈ V1.
Put f(x) = fW1(x) provided W1 = (r
1
t )
−1(V1). In both cases ̺2(g(x), f(x)) < ε. Clearly, f is a
homeomorphism and f extends f0. 
Lemma 1.5. Let Ai be a nowhere dense closed subset of an h-homogeneous space (Xi, ̺i),
i ∈ {1, 2}. Suppose we have a homeomorphism g : X1 → X2 such that g(A1) = A2. Then for
a homeomorphism f0 : A1 → A2 and ε > 0 satisfying ̺1(g
−1|A2, f
−1
0 ) + ̺2(g|A1, f0) < ε there
exists a homeomorphism f : X1 → X2 such that the restriction f |A1 = f0 and ̺1(g
−1, f−1) +
̺2(g, f) < ε.
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Proof. For d1 = ̺1(g
−1|A2, f
−1
0 ) and d2 = ̺2(g|A1, f0) there exist ε1 and ε2 such that ε1+ε2 = ε,
d1 < ε1, and d2 < ε2. Let δ = min{ε1 − d1, ε2 − d2}. Take the mapping f : X1 → X2 that
was obtained in the proof of Lemma 1.4. It can easily be checked that f is the required
homeomorphism. 
We identify cardinals with initial ordinals; in particular, ω = {0, 1, 2, . . .}. Denote by Λ the
unique 0-tuple, i.e., k0 = {Λ}. Let k1 = k. If t ∈ kn, then lh(t) = n is a length of t and
tˆ tn = (t0, . . . , tn−1, tn) ∈ k
n+1 for tn ∈ k . Let k
<ω = ∪{ki : i ∈ ω}. For every infinite cardinal
k let B(k) = kω be the Baire space of weight k (see [En]). For a point x = (x0, x1, . . .) ∈ k
ω
we denote by x↾n the n-tuple (x0, x1, . . . , xn−1). For an n-tuple t ∈ k
n we denote by Bt(k) the
Baire interval {x ∈ kω : x↾n = t}.
A set Y ⊂ X is a Souslin set (or an analytic set [Ha], or an A-set) in a space X if, for some
collection {F (t↾n) : n ∈ ω, t ∈ ωω} of closed subsets of X , we have Y = ∪{
⋂
{F (t↾n) : n ∈ ω} :
t ∈ ωω}. Y is called a co-Souslin set in a space X if X \ Y is a Souslin set in X . If A and B
are two families of subsets of X , we say (see [Ha]) that B is a base for A if each member of
A is a union of members from B. A σ-discrete base is a base which is also a σ-discrete family.
A mapping f : X → Y is called co-σ-discrete if the image of each discrete family in X has a
σ-discrete base in Y .
If A is an Fσ-subset of X , then we write A ∈ Fσ(X). Similarly, we introduce families Gσ(X),
Fσδ(X), and so forth. A space Y is an absolute Gδ-set if for every homeomorphic embedding
f : Y → X of Y in a space X the image f(Y ) ∈ Gσ(X). Denote by Gδ, Fσδ, and Gδσ the
families of absolute Gδ-sets, absolute Fσδ-sets, and absolute Gδσ-sets, respectively.
For a space X define the family LF (X) = {Y : each point y ∈ Y lies in some clopen
neighborhood that is homeomorphic to a closed subset of X}. A space Y ∈ σLF (X) if Y =
∪{Yi : i ∈ ω}, where each Yi ∈ LF (X) and Yi is a closed subset of Y . We say that X is locally
of weight <k if each point from X has a neighborhood of weight <k. X is said to be σ-locally
of weight <k (in symbols, X ∈ σLW (<k)) provided X = ∪{Xi : i ∈ ω}, where each Xi is
locally of weight <k (see [St]).
Lemma 1.6. 1) Let a space X be locally σLW (<k) + Gδσ. Then X ∈ σLW (<k) + Gδσ.
2) Let Xi ∈ σLW (<k) + Gδσ for each i ∈ ω. Then ∪{Xi : i ∈ ω} ∈ σLW (<k) + Gδσ.
Proof. For each point x ∈ X take a neighborhood U(x) such that U(x) = L(x) ∪G(x), where
L(x) is σLW (<k) and G(x) ∈ Gδσ. Then L = ∪{L(x) : x ∈ X} is σLW (<k) (see [St]) and
G = ∪{G(x) : x ∈ X} belongs to Gδσ (see [En], Pr. 4.5.8). So, X = L ∪G ∈ σLW (<k) + Gδσ.
The second part of the lemma is obvious. 
Lemma 1.7. Suppose an absolute Souslin set Y is not σLW (<k)+Gδσ for a cardinal k. There
exists a nowhere dense closed subset Z ⊂ Y such that Z is nowhere σLW (<k) + Gδσ.
Proof. As an absolute Souslin set, Y has the Baire property. Therefore, Y = F ∪G, where F is
of first category in Y , G ∈ Gδ, and F ∩G = ∅. Clearly, F /∈ σLW (<k) + Gδσ and F ∈ Fσ(Y ).
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Then F = ∪{Fi : i ∈ ω}, where each Fi is a nowhere dense closed subset of Y . This implies
that there exists a j ∈ ω such that Fj is not σLW (<k) + Gδσ. From Lemma 1.6 it follows that
the nonempty set
Z = Fj \ ∪{U is open in Fj : U ∈ σLW (<k) + Gδσ}
is closed in Fj and nowhere σLW (<k) + Gδσ. Thus, Z is the required set. 
The following Theorem 1.8 is important. Using it, for a given non-σLW (<k) + Gδσ-space
A, we can choose a nowhere dense closed subset of A which is nowhere σLW (<k) + Gδσ.
Theorem 1.8. Let F be an Fσ-subset of the Baire space B
∗(k) and A ⊂ F . Suppose A is
a co-Souslin set in B∗(k) and A is not σLW (<k) + Gδσ. Then there exists a closed subset
M ⊆ B∗(k) satisfying the following conditions
1) A ∩M is a nowhere dense closed subset of A;
2) A ∩M is nowhere σLW (<k) + Gδσ and of first category;
3) M ⊆ F and M is homeomorphic to B∗(k).
Proof. For k = ω the theorem was proved by van Engelen (see [E1, Lemma 3.2]), because B∗(ω)
denotes the Cantor set C .
Let the cardinal k > ω. Denote by X the Baire space B(k). Replacing F by F ∩A, we may
assume that F ⊆ A, where the bar denotes the closure in X .
Clearly, F\A is a Souslin set in X . Let us show that w(F\A) = k. Indeed, if w(F\A) < k,
then the boundary of A in F has weight <k and the interior of A in F is an Fσ-subset of X .
This contradicts the condition A /∈ σLW (<k) + Gδσ.
By virtue of the Hansell theorem (see [Ha, Theorem 4.1]) there exists a continuous co-σ-
discrete mapping ϕ : B(k)→ F\A of the Baire space B(k) onto F\A. Denote this copy of B(k)
by H , i.e., we have ϕ : H → F\A. An open subset U ⊂ H is called usual if there exists a set
EU ∈ Fσ(X) such that ϕ(U) ⊆ EU ⊆ F and EU ∩A is σLW (<k)+Gδσ or EU ∩A = ∅. The set
T̂ = ∪{U : U is usual in H} is open in H . Let us show that T̂ is usual in H . Take a σ-discrete
cover τ of T̂ by usual sets. Since ϕ is co-σ-discrete, there exists a σ-discrete base B for ϕ(τ)
in X . To each B ∈ B assign UB ∈ τ such that B ⊆ ϕ(UB). Put B
∗ = EUB ∩ clXB. Then
{B∗ : B ∈ B} is a σ-discrete family in X . Clearly, E = ∪{B∗ : B ∈ B} ⊆ F and E ∈ Fσ(X).
According to Lemma 1.6, A∩E ∈ σLW (<k)+Gδσ. By construction, ϕ(T̂ ) ⊆ ∪B ⊆ E. Hence,
the set T̂ is usual in H .
We claim that F \ (A ∪ E) 6= ∅. Assume the converse. Then F\E ⊆ A. Since A ∩ E ∈
σLW (<k) + Gδσ and F \ E ∈ Gδσ, we see that
A = (A ∩ E) ∪ (F \ E) ∈ σLW (<k) + Gδσ,
a contradiction. Thus, F \ (A ∪ E) 6= ∅. Hence, the set T = ϕ−1(F \ E) is nonempty. Clearly,
T ∩ T̂ = ∅.
Claim 1. If ∅ 6= U is open in T , then A ∩ ϕ(U) /∈ σLW (<k) + Gδσ.
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Take an open subset U of T . Let U = U1 ∩ T , where U1 is open in H . Then
ϕ(U1) = ϕ(U) ∪ ϕ(U1 \ U) ⊂ (ϕ(U) ∩ F ) ∪ E = E1.
Clearly, E1 ⊆ F . Since ϕ(U) ∩ F ∈ Fσ(X), we have E1 ∈ Fσ(X). By construction, U1 is not
a usual set. Therefore, A ∩ E1 /∈ σLW (<k) + Gδσ. But A ∩ E ∈ σLW (<k) + Gδσ and A ⊂ F ;
hence, A ∩ ϕ(U) is not σLW (<k) + Gδσ. Claim 1 is verified. ♦
Since E ∈ Fσ(F ), we see that T = ϕ
−1(F \ E) ∈ Gσ(H). Hence, T is homeomorphic to
a closed subset of the Baire space H = B(k). We may now assume that T is a closed subset
of the Baire space B(k) with the standard metric d, and the restriction of d to T induces the
original topology on T . Let ̺ be the standard metric on the Baire space X = B(k).
Let F = ∪{Fi : i ∈ ω}, where each Fi is closed in X . By induction, for every n ∈ ω, t ∈ ω
n,
and α ∈ kn we shall construct sets Z(t, α) ⊂ X , clopen sets V (t, α) ⊂ X and W (t, α) ⊂ X ,
disjoint families V (t, α) = {V (tˆ i, αˆ αi) : i ∈ ω, αi ∈ k} in X , clopen sets T (t, α) ⊂ T , disjoint
families T (t, α) = {T (tˆ i, αˆ αi) : i ∈ ω, αi ∈ k} in T , families R(t, α) = ϕ(T (t, α)), and families
U (tˆ i, α), where i ∈ ω, of clopen subsets of X such that
(a1) Z(t, α) is nowhere σLW (<k) + Gδσ and nowhere dense in X ;
(a2) Z(t, α) is a nowhere dense closed subset of A ∩ ϕ(T (t, α));
(a3) ϕ(T (t, α)) ⊂ V (t, α) and Z(t, α) ⊂ Fj
⋂
ϕ(T (t, α)) ⊂ V (t, α) for some j ∈ ω;
(a4) clX(∪V (t, α)) = Z(t, α) ∪
⋃
V (t, α) and Z(t, α) ∩
⋃
V (t, α) = ∅;
(a5) W (t, α) ⊂ V (t, α), W (t, α) ∩ A 6= ∅, and W (t, α) ∩
⋃
U (tˆ 0, α) = ∅;
(a6) for every i ∈ ω the family {U ∩ Z(t, α) : U ∈ U (tˆ i, α)} forms a clopen cover of Z(t, α)
such that ∩{∪U (tˆ i, α) : i ∈ ω} = Z(t, α) and meshU (tˆ i, α) ≤ (n+ i+ 1)−1;
(a7) for every U ∈ U (tˆ (i+ 1), α)) there exists U1 ∈ U (tˆ i, α) such that U ⊂ U1;
(a8) for every U ∈ U (tˆ i, α), where i ∈ ω, the set U \
⋃
U (tˆ (i + 1), α) contains a nonempty
clopen subset △U such that △U ∩ ϕ(T (t, α)) 6= ∅ and V (tˆ i, αˆ αn+1) ⊂ △U for every
αn+1 ∈ k;
(a9) V (t, α) ∩ V (s, β) = ∅ whenever (t, α) 6= (s, β) for s ∈ ωn and β ∈ kn;
(a10) diam(V (t, α)) ≤ (n+ 1)−1 (with respect to the metric ̺ on X);
(a11) diam(T (t, α)) ≤ (n+ 1)−1 (with respect to the metric d on T );
(a12) ∪T (t, α) ⊂ T (t, α);
(a13) the family {V (tˆ i, αˆ αn+1) : αn+1 ∈ k} is discrete in X for every i ∈ ω;
(a14) the family {T (tˆ i, αˆ αn+1) : αn+1 ∈ k} is discrete in T for every i ∈ ω;
(a15) clX(∪R(t, α)) = Z(t, α) ∪
⋃
{ϕ(T (tˆ i, αˆ αn+1) : i ∈ ω, αn+1 ∈ k}.
Let V (Λ,Λ) = X and T (Λ,Λ) = T . By Claim 1, the set A∩ ϕ(T (Λ,Λ)) is not σLW (<k) +
Gδσ. Since
A ∩ ϕ(T ) = ∪{A ∩ ϕ(T ) ∩ Fi : i ∈ ω},
there exists a j ∈ ω such that the set A ∩ ϕ(T ) ∩ Fj is not σLW (<k) + Gδσ. By Lemma 1.7,
the set A ∩ ϕ(T ) ∩ Fj contains a nowhere dense closed subset Z(Λ,Λ) such that Z(Λ,Λ) is
Fσδ- AND Gδσ-SPACES 7
nowhere σLW (<k)+Gδσ. Clearly, Z(Λ,Λ) is a weight-homogeneous space of weight k. Choose
a nonempty clopen set W (Λ,Λ) ⊂ X \ Z(Λ,Λ) with W (Λ,Λ) ∩ A 6= ∅.
Since IndX = 0, there exists a retraction r : (V (Λ,Λ)\W (Λ,Λ))→ Z(Λ,Λ). Let {Oi : i ∈ ω}
be a decreasing sequence of clopen sets such that Z(Λ,Λ) ⊂ Oi and ̺(x, Z(Λ,Λ)) < (i + 1)
−1
for each point x ∈ Oi. Consider a sequence {τi : i ∈ ω} of clopen (in Z(Λ,Λ)) covers of
Z(Λ,Λ) such that mesh(τi) < (i+1)
−1, τi+1 refines τi, and |τi| = k. For every i ∈ ω the clopen
family U (i,Λ) = {Oi ∩ r
−1(B) : B ∈ τi} is discrete in X and meshU (i,Λ) < (i+ 1)
−1. Since
Z(Λ,Λ) is a nowhere dense subset of ϕ(T (Λ,Λ)), the intersection U ∩
(
ϕ(T (Λ,Λ)) \ Z(Λ,Λ)
)
is nonempty for each U ∈ U (i,Λ). Without loss of generality we may assume that, for all
i ∈ ω and U ∈ U (i,Λ), the set U \
⋃
U (i+1,Λ) = U\Oi+1 contains a nonempty clopen subset
△U such that △U ∩ ϕ(T (Λ,Λ)) 6= ∅. The set ϕ(T (Λ,Λ)) is not locally of weight <k. Then
there exists a discrete family V△U such that ∪V△U ⊂ △U , V△U consists of k clopen sets, and
V ∩ϕ(T (Λ,Λ)) 6= ∅ for each V ∈ V△U . Since the family U (i,Λ) is discrete in X for fixed i, the
family Vi = {V : V ∈ V△U for some U ∈ U (i,Λ)} is discrete too. Let Vi = {V (i, α) : α ∈ k}.
Clearly, V (i, α) ∩ V (j, β) = ∅ whenever (i, α) 6= (j, β). Put V (Λ,Λ) = {V (i, α) : i ∈ ω, α ∈ k}.
Let us show that (a4) is satisfied. By construction, for each i ∈ ω and every V ∈ Vi we have
V ∩
⋃
U (i+1,Λ) = ∅. This implies that V ∩Z(Λ,Λ) = ∅. Then Z(Λ,Λ)∩
⋃
V (Λ,Λ) = ∅. From
(a6) and (a8) it follows that Z(Λ,Λ) ⊂ ∪V (Λ,Λ). Now, consider a point x ∈ clX(∪V (Λ,Λ)) \
Z(Λ,Λ). Choose the smallest number j ∈ ω such that x /∈ ∪U (j + 1,Λ). Then x ∈ △U for
some U ∈ U (j,Λ). The family Vj is discrete and locally closed; therefore, x ∈ △U ∩
⋃
Vj . So,
x ∈ ∪V (Λ,Λ).
We can find a nonempty clopen set T (i, α) ⊂ ϕ−1(V (i, α)) ⊂ T of diameter less than 1. Put
T (Λ,Λ) = {T (i, α) : i ∈ ω, α ∈ k} and R(Λ,Λ) = ϕ(T (Λ,Λ)).
Clearly, (a1)–(a15) are satisfied for n = 0.
Now suppose that Z(t, α), V (t, α), V (t, α), T (t, α), T (t, α), R(t, α), and U (tˆ i, α), where
i ∈ ω, have been defined for any t ∈ ωm and α ∈ km with m ≤ n. Fix t ∈ ωn and α ∈ kn. By
Claim 1 the set A ∩ ϕ(T (t, α)) is not σLW (<k) + Gδσ. Since
A ∩ ϕ(T (t, α)) = ∪{A ∩ ϕ(T (t, α)) ∩ Fi : i ∈ ω},
there exists a j ∈ ω such that the set A∩ϕ(T (t, α))∩Fj is not σLW (<k)+Gδσ. By Lemma 1.7, it
contains a nowhere dense closed subset Z(t, α) such that Z(t, α) is nowhere σLW (<k)+Gδσ and
Z(t, α) ∈ Ek. Choose a nonempty clopen set W (t, α) ⊂ V (t, α) \ Z(t, α) with W (t, α) ∩A 6= ∅.
Take a retraction r : (V (t, α)\W (t, α))→ Z(t, α). Let {Oi : i ∈ ω} be a decreasing sequence
of clopen sets such that Z(t, α) ⊂ Oi and ̺(x, Z(t, α)) < (n + i + 1)
−1 for each point x ∈ Oi.
Consider a sequence {τi : i ∈ ω} of clopen covers of Z(t, α) such that mesh(τi) < (n+ i+ 1)
−1,
τi+1 refines τi, and |τi| = k. For every i ∈ ω the clopen family U (tˆ i, α) = {Oi∩r
−1(B) : B ∈ τi}
is discrete in X . By construction, meshU (tˆ i, α) < (n + i + 1)−1. As above, we may assume
that (a8) holds, i. e., for all i ∈ ω and U ∈ U (tˆ i, α), the clopen set △U contains a discrete
family V△U such that ∪V△U ⊂ △U , V△U consists of k clopen sets, and V ∩ ϕ(T (t, α)) 6= ∅ for
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each V ∈ V△U . The family Vi = {V : V ∈ V△U for some U ∈ U (tˆ i, α)} is discrete; reindex this
family as Vi = {V (tˆ i, αˆ αn+1) : αn+1 ∈ k}. Put V (t, α) = {V (tˆ i, αˆ αn+1) : i ∈ ω, αn+1 ∈ k}.
Take a clopen set T (tˆ i, αˆ αn+1) ⊂ ϕ
−1(V (tˆ i, αˆ αn+1)) of diameter less than (n + 1)
−1. Put
T (t, α) = {T (tˆ i, αˆ αn+1) : i ∈ ω, αn+1 ∈ k} and R(t, α) = ϕ(T (t, α)).
All conditions (a1)–(a15) are satisfied. This completes the induction.
For each n ∈ ω we define sets
Yn = ∪{Z(t, α) : t ∈ ω
i, α ∈ ki, i ≤ n},
Zn = ∪{Z(t, α) : t ∈ ω
i, α ∈ ki, i ≤ n},
Pn = ∪{ϕ(T (t, α)) : t ∈ ω
n, α ∈ kn},
and Mn = Zn ∪ Pn+1. Let Y = ∪{Yn : n ∈ ω}, Z = ∪{Zn : n ∈ ω}, and M = ∩{Mn : n ∈ ω}.
Clearly, Y ⊂ Z ⊂M . By (a2), Y ⊂ A.
Claim 2. Y is of first category and Y is nowhere σLW (<k) + Gδσ.
Indeed, from (a3) and (a4) it follows that Zn is a nowhere dense closed subset of Zn+1 for
every n ∈ ω. Then each Zn is a nowhere dense subset of Z. Hence, Z is of first category.
Therefore, Y is of first category as a dense subset of the space Z of first category. Suppose that
an open (in Y ) set U ⊂ Y is σLW (<k) + Gδσ. Let us find the smallest number n such that
U ∩ (Yn \ Yn−1) 6= ∅. Then for some t ∈ ω
n and α ∈ kn the set U ∩ Z(t, α) is σLW (<k) + Gδσ,
contradicting (a1). Hence, Y is nowhere σLW (<k) + Gδσ. Claim 2 is verified. ♦
Claim 3. Y =M ⊂ F and Y = A ∩M .
First, we show by induction that each Mn is closed in X . The set M0 is closed by (a15)
with n = 0. Suppose Mn−1 is closed. Since Mn ⊂ Mn−1, we have Mn ⊂ Mn−1. Take a point
x ∈ Mn. Clearly, if x ∈ Zn, then x ∈ Zn ⊂ Mn. Let x ∈ Mn \ Zn. Then x ∈ Pn+1. On the
other hand,
x ∈ ϕ(T (t, α)) ⊂ Pn ⊂Mn−1
for some t ∈ ωn and α ∈ kn. From (a12), (a3), (a9), and (a15) it follows that
ϕ(T (t, α)) ∩ Pn+1 = Z(t, α) ∪
⋃
{ϕ(T (tˆ i, αˆ αn+1) : i ∈ ω, αn+1 ∈ k}.
The family {ϕ(T (tˆ i, αˆ αn+1) : i ∈ ω, αn+1 ∈ k} is disjoint. Hence, for some i ∈ ω and αn+1 ∈ k
we obtain x ∈ ϕ(T ((tˆ i, αˆ αn+1) ⊂Mn. So, Mn =Mn.
Thus, M = ∩{Mn : n ∈ ω} is closed in X .
From (a3) and (a10) it follows that Y is dense in M . Hence, Y = M .
To prove Y = A ∩M it suffices to show that M \ Y ⊂ F \ A. Take a point x ∈ M \ Y . If
x ∈ Z(t, α) for some t ∈ ωn, α ∈ kn, from (a2) and (a3) it follows that x ∈ F \ A. Consider
the case x ∈ M \ Z. As above, for every n ∈ ω there exist t(n) ∈ ωn and α(n) ∈ kn such
that x ∈ ϕ(T (t(n), α(n))). Using (a12) we can find χ ∈ ωω and ξ ∈ kω such that χ↾n = t(n)
and ξ↾n = α(n) for every n ∈ ω. Then, by the Cantor theorem (see [En, Theorem 4.3.8]), we
obtain that the intersection ∩{ϕ(T (χ↾n, ξ↾n)) : n ∈ ω} consists of a one point x. Similarly,
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∩{T (χ↾n, ξ↾n) : n ∈ ω} = {c}. The mapping ϕ is continuous. Therefore, ϕ(c) = x ∈ F \ A.
Thus, M \ Y ⊂ F \ A. Claim 3 is proved. ♦
Let us verify that Y is nowhere dense in A. Take a point y ∈ Y ; then y ∈ Z(t, α) for some
t ∈ ωn and α ∈ kn. For every ε > 0 there exists i ∈ ω such that (n + i + 1)−1 < ε. From (a5)
it follows that the ε-ball about y contains the nonempty open set A ∩W (tˆ i, αˆ αn+1) for some
αn+1 ∈ k. By construction, W (tˆ i, αˆ αn+1) ∩ Y = ∅; hence, Y is nowhere dense in A.
Theorem 1.8 is proved. 
Lemma 1.9. Let k > ω. Let F be an Fσ-subset of the Baire space B(k) and A ⊂ F . Suppose
B(k) \ A is a Souslin set in B(k), A is of first category, and A is nowhere σLW (<k) + Gδσ.
Then for every ε > 0 there exists a family A = {A(i, α) : i ∈ ω, α ∈ k} of subsets of A such
that
(b1) A = ∪A and meshA < ε;
(b2) each A(i, α) is of first category and nowhere σLW (<k) + Gδσ;
(b3) each A(i, α) is a nowhere dense closed subset of A and A(i, α) ⊂ F ;
(b4) A(i, α)
⋂
A(j, β) = ∅ whenever (i, α) 6= (j, β);
(b5) for every i ∈ ω the family {A(i, α) : α ∈ k} is discrete in B(k).
The bar denotes the closure in B(k).
Proof. Let F =
⋃
{Fj : j ∈ ω}, where each Fj is closed in B(k). As a space of first category,
A =
⋃
{Hm : m ∈ ω}, where each Hm is a nowhere dense closed subset of A. Take the nonempty
intersections Fj ∩Hm and reindex these sets as {Ci : i ∈ ω}. Then A =
⋃
{Ci : i ∈ ω}, where
each Ci is a nowhere dense closed subset of A, Ci = Ci ∩ A, and Ci ⊂ F .
Denote by ̺ the standard complete metric on B(k). Fix i ∈ ω. Take a retraction r : A→ Ci.
Let {Oj : j ∈ ω} be a decreasing sequence of clopen sets from B(k) such that Ci ⊂ Oj and
̺(x, Ci) < (j +1)
−1 for each point x ∈ Oj. Consider a sequence {τm : m ∈ ω} of clopen (in Ci)
covers of Ci such that mesh(τm) < (m+ 1)
−1 and τm+1 refines τm. For every j ∈ ω the family
Uj = {Oj ∩ r
−1(B) : B ∈ τj} is discrete in B(k) and meshUj < (j + 1)
−1. Without loss of
generality we may assume that, for all j ∈ ω and U ∈ Uj , the set U\
⋃
Uj+1 contains a clopen (in
A) subset △U with △U ∩A 6= ∅. Let U = {U ∈ Uj : j ∈ ω}. By Theorem 1.8 for each U ∈ U
there exists a set YU ⊂ △U such that YU is nowhere σLW (<k) + Gδσ, YU is of first category,
YU is a nowhere dense closed subset of A, and YU ⊂ F . Now, put Bi = Ci ∪ (
⋃
{YU : U ∈ U }).
One easily verifies that Bi is nowhere σLW (<k)+Gδσ, Bi is of first category, Bi is a nowhere
dense closed subset of A, and Bi = Ci ∪
⋃
{YU : U ∈ U } ⊂ F .
Clearly, A = ∪{Bi : i ∈ ω}.
Let γ0 be a discrete cover of B0 by clopen (in B0) sets such that mesh(γ0) < ε. For each
i > 0 the set Bi \
⋃
{Bj : j < i} is open in Bi; it may be empty. Take a disjoint σ-discrete
(in B(k)) cover γi of Bi \
⋃
{Bj : j < i} by clopen (in Bi) sets such that mesh(γi) < ε. Then
the family γ = {V ∈ γi : i ∈ ω} is σ-discrete in B(k). It consists of pairwise disjoint closed
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subsets of diameter less than ε. Hence, γ = {V (i, α) : i ∈ ω, α ∈ ki}, where each ki ≤ k and
each family {V (i, α) : α ∈ ki} is discrete in B(k).
If ki < k for some i, we take a set V (i, α) and separate V (i, α) into k nonempty disjoint
clopen (in V (i, α)) subsets. This can be done, because k > ω and V (i, α) is nowhere of weight
<k. So, we may assume that each ki = k.
The sets A(i, α) = A ∩ V (i, α) form the required family A . 
Lemma 1.10. Let k > ω. Let A be an Fσδ-subset of the Baire space B(k) such that A is
of first category and A is nowhere σLW (<k) + Gδσ. There exists a family {A(t, α) : t ∈ ω
n,
α ∈ kn, n ∈ ω} of nonempty Fσδ-subsets of B(k) such that
(c1) A = A(Λ,Λ), A(t, α) =
⋃
{A(tˆ i, αˆ αn+1) : i ∈ ω, αn+1 ∈ k}, and each A(tˆ i, αˆ αn+1) is a
nowhere dense closed subset of A(t, α);
(c2) each A(t, α) is of first category and nowhere σLW (<k) + Gδσ;
(c3) the family {A(tˆ i, αˆ αn+1) : αn+1 ∈ k} is discrete in B(k) for each i ∈ ω;
(c4) A(t, α) ∩A(s, β) = ∅ whenever (t, α) 6= (s, β), if s ∈ ωn and β ∈ kn;
(c5) A(t, α) is homeomorphic to B(k);
(c6) diam(A(t, α)) < (n+ 1)−1;
(c7) for all χ ∈ ωω and ξ ∈ kω the intersection
⋂
{A(χ↾i, ξ↾i) : i ∈ ω} is a one-point subset of
A.
By the bar we denote the closure in B(k).
Proof. Let A = ∩{Fi : i ∈ ω}, where each Fi is an Fσ-subset of B(k).
We may assume that F0 = A. Put A(Λ,Λ) = A. By Lemma 1.9 for ε = 1/2 and F = F1
we obtain A(Λ,Λ) = ∪{A(i, α) : i ∈ ω, α ∈ k}, where sets {A(i, α)} satisfy (b1)–(b5) and each
A(i, α) ⊂ F1. By virtue of the Stone theorem, each A(i, α) is homeomorphic to B(k). For
ε = 1/3 and F = F2 we again apply Lemma 1.9 to each A(i, α). Then A(i, α) = ∪{A(iˆ j, αˆ β) :
j ∈ ω, β ∈ k}, where each A(iˆ j, αˆ β) ⊂ F2, and so forth.
Let us verify (c7). Using (c1), (c6), and the Cantor theorem, we have
⋂
{A(χ↾i, ξ↾i): i ∈
ω} = {x} for a point x ∈ B(k). Since A(χ↾i, ξ↾i) ⊂ Fi, we obtain that x ∈ ∩{Fi : i ∈ ω}.
Thus, x ∈ A. 
2. A topological characterization of Q(k)ω
In this Section we show (see Theorem 2.1) that all spaces from the family Xk are homeo-
morphic, where Xk = {X : X ∈ Ek, X is of first category, X is an absolute Fσδ-set and nowhere
σLW (<k) + Gδσ}. By Theorem 2.2, the space Q(k)
ω belongs to Xk. Corollary 2.5 states that
every absolute Fσδ-space of weight ≤k is homeomorphic to a closed subset of Q(k)
ω.
Theorem 2.1. Let k > ω. Let X1 and X2 be dense Fσδ-subsets of the Baire space B(k)
such that X1 and X2 are sets of first category and nowhere σLW (<k) + Gδσ. There exists a
homeomorphism f : B(k)→ B(k) such that f(X1) = X2.
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Proof. Consider two copies B1 and B2 of B(k) with metrics ̺1 and ̺2, respectively. LetXj ⊂ Bj
and Xj = Bj for j ∈ {1, 2}. Using Lemma 1.10, we obtain two families {Xj(t, α) : t ∈ ω
i,
α ∈ ki, i ∈ ω} of nonempty Fσδ-subsets of Bj satisfying (c1)–(c7).
To prove the theorem, for j ∈ {1, 2}, we transform the family {Xj(t, α)} to a family
{Zj(s, β)} such that the family {Zj(s, β)} satisfies the conditions (d1)–(d10) (see below) and
{Zj(s, β)} refines {Xj(t, α)} if lh(s) = lh(t).
For t ∈ ωi, where i ∈ ω, define ν(t) = t0 + t1 + . . .+ ti−1 + i. By definition, put ν(Λ) = 0.
For n ∈ ω let ωin = {t ∈ ω
i : ν(t) = n}. For example, ω00 = {Λ}, ω
1
1 = {0}, and
ω23 = {(1, 0), (0, 1)}. Clearly, each set ω
i
n is finite and ω
i
n = ∅ whenever n < i. It is easy to
verify that ωin ∩ ω
j
m = ∅ providing (i, n) 6= (j,m).
For j ∈ {1, 2} and t ∈ ωi put X∗j (t) =
⋃
{Xj(t, α) : α ∈ k
i}.
For j ∈ {1, 2}, n ∈ ω, and i ≤ n we will construct discrete (in Bj) families {Zj(s, β): s ∈ ω
i
n,
β ∈ ki} of nonempty nowhere dense closed subsets of Xj , sets Z
∗
j (s) =
⋃
{Zj(s, β) : β ∈ k
i},
functions ϕin,j : ω
i
n× k
i → ωi and ψin,j : ω
i
n× k
i → ki, and homeomorphisms fn : B1 → B2 such
that
(d1) Zj(s, β) is a clopen subset of Xj(ϕ
i
n,j(s, β), ψ
i
n,j(s, β)) and Zj(s, β) is a clopen subset of
Xj(ϕ
i
n,j(s, β), ψ
i
n,j(s, β)) for each (s, β) ∈ ω
i
n × k
i;
(d2) Zj(s, β)
⋂
Zj(r, α) = ∅ whenever (s, β) 6= (r, α) with lh(s) = lh(r);
(d3) Z∗j (s) =
⋃
{Zj(s, β) : β ∈ k
i} and Z∗j (s)
⋂
Z∗j (r) = ∅ if lh(s) = lh(r) and s 6= r;
(d4) if (s, β) = (rˆ l, αˆ γ) ∈ ωin × k
i, then Zj(s, β) is a nowhere dense closed subset of Zj(r, α)
and Z∗j (s) is a nowhere dense closed subset of Z
∗
j (r);
(d5) ν(ϕin,j(s, β)) ≥ n for each s ∈ ω
i
n;
(d6) X∗j (r) ⊆
⋃
{Z∗j (s) : s ∈ ω
i
n, n ≤ ν(r)} for each r ∈ ω
i;
(d7) X∗j (r)
⋂
Z∗j (s) is clopen in X
∗
j (r) if lh(r) = lh(s);
(d8) Z2(s, β) = fn(Z1(s, β)) and Z∗2(s) = fn(Z
∗
1 (s)) for each (s, β) ∈ ω
i
n × k
i;
(d9) fn(Z1(s, β)) = fn−1(Z1(s, β)) and fn(Z∗1(s)) = fn−1(Z
∗
1 (s)) for each (s, β) ∈ ω
i
m × k
i with
m < n;
(d10) ̺2(fn, fn−1) + ̺1(f
−1
n , f
−1
n−1) < n
−1 for each n ≥ 1.
Let f0 : B1 → B2 be the identity mapping. For j ∈ {1, 2} put Zj(Λ,Λ) = Xj(Λ,Λ) = Xj,
Z∗j (Λ) = X
∗
j (Λ) = Xj, ϕ
0
0,j(Λ,Λ) = Λ, and ψ
0
0,j(Λ,Λ) = Λ.
Since the family {Xj(0, α) : α ∈ k)} is discrete in Bj , we can find a discrete clopen cover
τj of Bj such that mesh(τj) < 1/2 and every U ∈ τj intersects at most one set of the family
{Xj(0, α) : α ∈ k}, where j ∈ {1, 2}. We may assume that τ2 = f0(τ1). Note that for any open
subset U of Bj the conditions U
⋂
Xj(0, α) 6= ∅ and U
⋂
Xj(0, α) 6= ∅ are equivalent. Let
τ ∗1 = {U ∈ τ1 : U ∩X
∗
1 (0) 6= ∅ or f0(U) ∩X
∗
2 (0) 6= ∅}.
The family τ ∗1 can be indexed as {U1(β) : β ∈ k}. Then
τ ∗2 = f0(τ
∗
1 ) = {U2(β) = f0(U1(β)) : β ∈ k}.
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For j ∈ {1, 2} and β ∈ k choose the smallest number lβ,j ∈ ω such that the intersection
Uj(β)
⋂
Xj(lβ,j, αβ,j) is nonempty for some αβ,j ∈ k. Denote this intersection by Zj(0, β). Then
the number lβ,j = ϕ
1
1,j(0, β) and the ordinal αβ,j = ψ
1
1,j(0, β) are assigned to (0, β). Note that
in the case Uj(β)
⋂
X∗j (0) 6= ∅ we have lβ,j = 0, else lβ,j ≥ 1. By construction, each Zj(0, β)
is a nowhere dense closed subset of Zj(Λ,Λ) = Xj, Zj(0, β) is clopen in Z
∗
j (0) =
⋃
{Zj(0, β):
β ∈ k}, and X∗j (0) ⊆ Z
∗
j (0).
The set ∪τ ∗j is clopen in Bj . Hence, for each i ∈ ω the sets X
∗
j (i) \
⋃
τ ∗j and X
∗
j (i)∩
⋃
τ ∗j =
X∗j (i)
⋂
Z∗j (0) are clopen in X
∗
j (i).
By the Stone theorem, Z1(0, β) ≈ B(k) ≈ Z2(0, β) for every β ∈ k. Lemma 1.3 implies that
there exists a homeomorphism gβ : U1(β) → U2(β) such that gβ
(
Z1(0, β)
)
= Z2(0, β). Since
diam(U1(β)) < 1/2 and diam(U2(β)) < 1/2, we have
̺1(g
−1
β , f
−1
0 |U2(β)) + ̺2(gβ, f0|U1(β)) < 1/2 + 1/2 = 1.
Consider a point x ∈ B1. If x ∈ U1(β) ∈ τ
∗
1 , then define f1(x) = gβ(x). For x ∈ B1 \
⋃
τ ∗1
put f1(x) = f0(x). Clearly, f1 : B1 → B2 is a homeomorphism, ̺1(f
−1
1 , f
−1
0 ) + ̺2(f1, f0) < 1,
and f1(Z∗1(0)) = Z
∗
2(0).
So, the conditions (d1)–(d10) are satisfying for n = 1.
Suppose that Zj(s, β), fn, ϕ
i
n,j, and ψ
i
n,j have been obtained for s with ν(s) ≤ n, β ∈ k
lh(s),
i ≤ n, and j ∈ {1, 2}. Let us construct a homeomorphism fn+1 : B1 → B2. To do this we shall
apply induction on q for s ∈ ωqn+1, starting with q = n + 1 and finishing with q = 1.
The first step q = n+1. The set ωn+1n+1 contains a unique tuple s = (0, . . . , 0). Let s˜ = s↾n. Fix
α ∈ kn. According to (d1), Zj(s˜, α) is a clopen subset of Xj(ϕ
n
n,j(s˜, α), ψ
n
n,j(s˜, α)) for j ∈ {1, 2}.
Choose the smallest numberms˜,α,j such that the set Zj(s˜, α)
⋂
X∗j (ϕ
n
n,j(s˜, α)ˆms˜,α,j) is nonempty.
Take a discrete clopen (in Zj(s˜, α)) cover τj of Zj(s˜, α) such that mesh(τj) < (2n + 2)
−1 and
every U ∈ τj intersects at most one set of the family
{Xj(ϕ
n
n,j(s˜, α)ˆms˜,α,j, ψ
n
n,j(s˜, α)ˆαn+1) : αn+1 ∈ k}.
By (d8), we have fn(Z1(s˜, α)) = Z2(s˜, α). Then we may assume that τ2 = fn(τ1). Denote by τ
∗
1
the family
{U ∈ τ1 : U ∩X
∗
1 (ϕ
n
n,1(s˜, α)ˆms˜,α,1) 6= ∅ or fn(U) ∩X
∗
2 (ϕ
n
n,2(s˜, α)ˆms˜,α,2) 6= ∅}.
Since X∗1 (ϕ
n
n,1(s˜, α)ˆms˜,α,1) is a weight-homogeneous space of weight k, the family τ
∗
1 can be
indexed as {U1(γ) : γ ∈ k}. Put
τ ∗2 = fn(τ
∗
1 ) = {U2(γ) = fn(U1(γ)) : γ ∈ k}.
For j ∈ {1, 2} and γ ∈ k choose the smallest number lγ,j ∈ ω such that the set
Zj(s, αˆ γ) = Uj(γ)
⋂
Xj(ϕ
n
n,j(s˜, α)ˆ lγ,j, ψ
n
n,j(s˜, α)ˆαγ,j)
is nonempty for some αγ,j ∈ k. Then the tuples
ϕnn,j(s˜, α)ˆ lγ,j = ϕ
n+1
n+1,j(s, αˆ γ) ∈ ω
n+1
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and
ψnn,j(s˜, α)ˆαγ,j = ψ
n+1
n+1,j(s, αˆ γ) ∈ k
n+1
are assigned to (s, αˆ γ).
Clearly, lγ,j ≥ ms˜,α,j. Then
ν(ϕn+1n+1,j(s, αˆ γ)) ≥ ν(ϕ
n
n,j(s˜, α)) + 1 + lγ,j ≥ n + 1.
By construction, each Zj(s, αˆ γ) is a nowhere dense closed subset of Zj(s˜, α) and each Zj(s, αˆ γ)
is clopen in ∪{Zj(s, αˆ γ) : γ ∈ k}.
By the Stone theorem, Z1(s, αˆ γ) ≈ B(k) ≈ Z2(s, αˆ γ) for every γ ∈ k. Lemma 1.3 implies
that there exists a homeomorphism gγ : U1(γ)→ U2(γ) such that gγ
(
Z1(s, αˆ γ)
)
= Z2(s, αˆ γ).
Since diam(U1(γ)) < (2n+ 2)
−1 and diam(U2(γ)) < (2n+ 2)
−1, we have
̺1(g
−1
γ , f
−1
n |U2(γ)) + ̺2(gγ, fn|U1(γ)) < (2n+ 2)
−1 + (2n+ 2)−1 = (n + 1)−1.
Since τj = {Uj(γ) : γ ∈ k} forms a discrete clopen cover of Zj(s˜, α) for j ∈ {1, 2}, we can
obtain a homeomorphism f sn+1,α : Z1(s˜, α)→ Z2(s˜, α) by the rule
f sn+1,α(x) =
{
gγ(x), if x ∈ U1(γ) for some U1(γ) ∈ τ
∗
1
fn(x), if x ∈ Z1(s˜, α) \
⋃
τ ∗1
For j ∈ {1, 2} put Z∗j (s˜) =
⋃
{Zj(s˜, α) : α ∈ k
n} and Z∗j (s) =
⋃
{Zj(s, αˆ γ) : α ∈ k
n+1}.
Using (d2), we see that the combination mapping
f sn+1 = ∇{f
s
n+1,α : α ∈ k
n} : Z∗1(s˜)→ Z
∗
2(s˜)
is a homeomorphism. By the inductive assumption, we have fn(Z1(s˜, α)) = Z1(s˜, α) for each
(s˜, α). Then for the tuple s = (0, . . . , 0) ∈ ωn+1n+1 we obtain the following inequality
̺1
(
(f sn+1)
−1, f−1n
∣∣Z∗2(s˜))+ ̺2 (f sn+1, fn∣∣Z∗1(s˜)) < (n+ 1)−1.
The step with q = n+ 1 is finished.
Suppose that functions ϕpn+1,j and ψ
p
n+1,j, a nowhere dense closed subset Z
∗
j (s) of Z
∗
j (s˜), and
a homeomorphism f sn+1 : Z
∗
1(s˜)→ Z
∗
2 (s˜) have been obtained for each s ∈ ω
p
n+1 with p > q and
j ∈ {1, 2}, where s˜ = s↾(lh(s)− 1).
Fix s ∈ ωqn+1. We distinguish two cases.
Case 1. Let s = s˜ 0ˆ. We can construct the required sets and functions as above for the step
q = n+ 1.
Case 2. Let s = s˜ tˆ and t ≥ 1. For each i < t we have ν(s˜ iˆ) ≤ n; hence, there exists a
unique number ι ∈ ω such that the tuple s˜ iˆ ιˆ ∈ ωq+1n+1. By the inductive assumption, the sets
Z∗j (s˜ iˆ) and the homeomorphism f
s˜ iˆ ιˆ
n+1 : Z
∗
1(s˜ iˆ)→ Z
∗
2 (s˜ iˆ) are already defined for any j ∈ {1, 2}
and i < t such that
̺1
(
(f s˜ iˆ ιˆn+1)
−1, f−1n
∣∣Z∗2(s˜ iˆ))+ ̺2 (f s˜ iˆ ιˆn+1 , fn∣∣Z∗1 (s˜ iˆ)) < (n+ 1)−1.
Using (d3), we observe that the sets Z∗j (s˜ iˆ), where 0 ≤ i < t, are pairwise disjoint. From
(d4) it follows that Yj(t) =
⋃
{Z∗j (s˜ iˆ) : i < t} is a nowhere dense closed subset of Z
∗
j (s˜).
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For a point x ∈ Z∗1 (s˜ iˆ) put g
t
n+1(x) = f
s˜ iˆ ιˆ
n+1(x). Then the mapping g
t
n+1 : Y1(t) → Y2(t) is a
homeomorphism. From (d8) and (d9) it follows that fn(Y1(t)) = Y2(t). By construction,
̺1
(
(gtn+1)
−1, f−1n
∣∣Y2(t))+ ̺2 (gtn+1, fn∣∣Y1(t)) < (n+ 1)−1.
Fix α ∈ kq−1. By (d1), Zj(s˜, α) is a clopen subset of
Xj
(
ϕq−1n−t−1,j(s˜, α), ψ
q−1
n−t−1,j(s˜, α)
)
for j ∈ {1, 2}. Choose the smallest number ms˜,α,j such that the set
Zj(s˜, α)
⋂(
X∗j (ϕ
q
n−t,j(s˜, α)ˆms˜,α,j) \ Yj(t)
)
is nonempty. Using (d7) and (d3), we see that the last set is clopen in X∗j (ϕ
q
n−t,j(s˜, α)ˆms˜,α,j).
Take a discrete clopen (in Zj(s˜, α)) cover τα,j of Zj(s˜, α) such that
(e1) mesh(τα,j) < (2n+ 2)
−1;
(e2) every U ∈ τα,j intersects at most one set of the family{
Xj
(
ϕq−1n−t−1,j(s˜, α)ˆms˜,α,j, ψ
q−1
n−t−1,j(s˜, α)ˆαq
)
: αq ∈ k
}
;
(e3) for every U ∈ τα,j if U ∩ Yj(t) 6= ∅, then
U ∩
(
X∗j
(
ϕq−1n−t−1,j(s˜, α)ˆms˜,α,j
)
\ Yj(t)
)
= ∅.
According to (d8), we may assume that τα,2 = fn(τα,1). Let
τ ∗α,1 = {U ∈ τα,1 : U ∩
(
X∗1 (ϕ
q−1
n−t−1,1(s˜, α)ˆms˜,α,1) \ Y1(t)
)
6= ∅
or fn(U)
⋂(
X∗2
(
ϕq−1n−t−1,2(s˜, α)ˆms˜,α,2
)
\ Y2(t)
)
6= ∅}.
Using weight-homogeneity of X∗1
(
ϕq−1n−t−1,1(s˜, α)ˆms˜,α,1
)
, we can index the family τ ∗α,1 as
{U1(γ) : γ ∈ k}. Put
τ ∗α,2 = fn(τ
∗
α,1) = {U2(γ) = fn(U1(γ)) : γ ∈ k}.
Since fn(Y1(t)) = Y2(t), for U ∈ τα,1 we have U ∩ Y1(t) 6= ∅ ⇐⇒ fn(U) ∩ Y2(t) 6= ∅. Together
with (e3), this implies that fn(U) ∩ Y2(t) = ∅ if U ∈ τ
∗
α,1. Similarly, f
−1
n (U) ∩ Y1(t) = ∅ if
U ∈ τ ∗α,2.
Fix a γ ∈ k. For j ∈ {1, 2} choose the smallest number lγ,j ∈ ω such that the set
Zj(s, αˆ γ) = Uj(γ)
⋂(
Xj(ϕ
q−1
n−t−1,j(s˜, α)ˆ lγ,j, ψ
q−1
n−t−1,j(s˜, α)ˆαγ,j) \ Yj(t)
)
is nonempty for some αγ,j ∈ k. Then the tuples
ϕq−1n−t−1,j(s˜, α)ˆ lγ,j = ϕ
q
n+1,j(s, αˆ γ) ∈ ω
q
and
ψq−1n−t−1,j(s˜, α)ˆαγ,j = ψ
q
n+1,j(s, αˆ γ) ∈ k
q
are assigned to (s, αˆ γ). As above, we have ν(ϕqn+1,j(s, αˆ γ)) ≥ n+ 1.
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By construction, Zj(s, αˆ γ) is a nowhere dense closed subset of Zj(s˜, α) and Zj(s, αˆ γ) is a
nowhere dense closed subset of Zj(s˜, α). Since Z1(s, αˆ γ) ≈ B(k) ≈ Z2(s, αˆ γ), by Lemma 1.3,
there exists a homeomorphism hsn+1,αˆ γ : U1(γ)→ U2(γ) such that
hsn+1,αˆ γ
(
Z1(s, αˆ γ)
)
= Z2(s, αˆ γ).
Clearly, the combination mapping
hsn+1,α = ∇{h
s
n+1,αˆ γ : γ ∈ k} : ∪τ
∗
α,1 → ∪τ
∗
α,2
is a homeomorphism such that
hsn+1,α
(
∪{Z1(s, αˆ γ) : γ ∈ k}
)
= ∪{Z2(s, αˆ γ) : γ ∈ k}.
By construction, the set ∪τ ∗α,j is clopen in Zj(s˜, α), Yj(t) ∩
⋃
τ ∗α,j = ∅, and Yj(t) ∩ Z1(s˜, α)
is a nowhere dense closed subset of Zj(s˜, α) for each j ∈ {1, 2} and α ∈ k
q−1.
For j ∈ {1, 2} put Z∗j (s) = ∪{Zj(s, αˆ γ) : α ∈ k
q−1, γ ∈ k}. Then Z∗j (s) = ∪{Zj(s, αˆ γ) :
α ∈ kq−1, γ ∈ k}. Let τ ∗j = ∪{
⋃
τ ∗α,j : α ∈ k
q−1}. Then the set ∪τ ∗j is clopen in Z
∗
j (s˜),
Yj(t) ∩
⋃
τ ∗j = ∅, and Yj(t) ∩ Z
∗
j (s˜) is a nowhere dense closed subset of Z
∗
j (s˜).
We define the homeomorphism hsn+1 : ∪τ
∗
1 → ∪τ
∗
2 by the rule h
s
n+1(x) = h
s
n+1,α(x) if x ∈ ∪τ
∗
α,1
for some α ∈ kq−1. By virtue of Lemma 1.5 the homeomorphism gtn+1 : Y1(t) → Y2(t) can be
extended to a homeomorphism
g˜ tn+1 : Z
∗
1 (s˜) \
⋃
τ ∗1 → Z
∗
2(s˜) \
⋃
τ ∗2 .
Then the combination mapping
f sn+1 = h
s
n+1∇g˜
t
n+1 : Z
∗
1 (s˜)→ Z
∗
2(s˜)
is a homeomorphism. One can check that the following inequality
̺1
(
(f sn+1)
−1, f−1n
∣∣Z∗2(s˜))+ ̺2 (f sn+1, fn∣∣Z∗1 (s˜)) < (n + 1)−1
holds.
Note that the sets Z∗j (s˜) and Z
∗
j (r˜) are disjoint for different tuples s and r from ω
q
n+1.
This completes the induction on q for s ∈ ωqn+1.
The set ω1n+1 contains a unique tuple s = (n). Since s˜ = Λ, we have Z
∗
j (Λ) = Xj and Z
∗
j (Λ) =
Bj for j ∈ {1, 2}. Then the mapping f
(n)
n+1 : Z
∗
1(Λ) → Z
∗
2 (Λ) is the required homeomorphism
fn+1 : B1 → B2.
The induction on n is finished.
Let us construct a homeomorphism f : B1 → B2 with f(X1) = X2.
Consider a point x ∈ B1. The sequence {fn(x) : n ∈ ω} is a Cauchy sequence in a complete
metric space B2. Hence, it converges to a point y ∈ B2; put f(x) = y. From (d10) it follows
that the sequence {fn} is uniformly convergent to the mapping f . According to [En, Theorem
4.2.19], f is continuous. Similarly, the mapping g = limn→∞ f
−1
n : B2 → B1 is continuous.
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For a point y ∈ B2 and n ∈ ω let z = f
−1
n (y); then
̺2(f ◦ f
−1
n (y), y) = limi→∞ ̺2(fi ◦ f
−1
n (y), fn ◦ f
−1
n (y))
= limi→∞ ̺2(fi(z), fn(z)) ≤ (n+ 1)
−1.
Therefore, limn→∞ ̺2(f ◦ f
−1
n (y), y) = 0. But limn→∞ (f ◦ f
−1
n ) = f ◦ g, so, f ◦ g : B2 → B2
is the identity mapping. In the same way, g ◦ f : B1 → B1 is the identity mapping. Hence,
f−1 = g and f : B1 → B2 is a homeomorphism.
Let us show that f(X1) ⊆ X2. Take a point x ∈ X1, then {x} = ∩{X1(χ↾n, ξ↾n) : n ∈ ω}
for some χ ∈ ωω and ξ ∈ kω. From (d2), (c1), and (c4) it follows that there exist τ ∈ ωω and
ϑ ∈ kω such that fn(x) ∈ X2(τ↾n, ϑ↾n) for each n ∈ ω. Using (c7), we get ∩{X2(τ↾n, ϑ↾n) :
n ∈ ω} = {y} for some y ∈ X2. The condition (c6) of Lemma 1.10 implies that
f(x) = lim
n→∞
fn(x) = y ∈ X2.
Similarly, f−1(X2) ⊆ X1. Thus, f(X1) = X2. 
Theorem 2.2. Let X be an absolute Fσδ-set of first category such that IndX = 0, X is nowhere
σLW (<k) + Gδσ, and w(X) = k. Then X ≈ Q(k)
ω.
Proof. In the case k = ω the theorem was proved by van Engelen [E1]. Below we shall assume
that k > ω.
Clearly, the space Q(k)ω is of first category, Q(k)ω ∈ Fσδ, and Q(k)
ω ∈ Ek.
Let us verify that Q(k)ω is nowhere σLW (<k) + Gδσ. Assume the converse. Then there
exists a nonempty clopen subset V of Q(k)ω such that V = ∪{Fi
⋃
Gi : i ∈ ω}, where all Fi is
locally of weight <k and Gi ∈ Gδ. Since V ∈ Ek, every Fi is nowhere dense in V . Every Gi is
nowhere dense in V , because V is of first category.
By Corollary 1.2, the space Q(k) is h-homogeneous. By the definition of the Tychonoff
topology, V contains an element of the canonical base for the Cartesian product U =
∏
{Qi :
i ∈ ω}, where each Qi ≈ Q(k). Since the set F0 ∪ G0 is nowhere dense in U , there exists a
nonempty clopen subset U0 ⊆ U with U0 ∩ (F0 ∪G0) = ∅. Choose n0 ∈ ω and points qi ∈ Qi,
where 0 ≤ i ≤ n0, such that the closed set
Z0 = {q0} × . . .× {qn0} ×
∏
{Qi : i > n0} ⊂ U0.
Evidently, Z0 ≈ Q(k)
ω. Since Z0 ∩ F1 is locally of weight <k, it is a nowhere dense subset
of Z0. If the intersection Z0 ∩G1 is nonempty, it is topologically complete as closed subset of
G1. Then Z0 ∩ G1 is nowhere dense in Z0, because Z0 is of first category. So, Z0 ∩ (F1 ∪ G1)
is a nowhere dense subset of Z0. Hence, there exist a number n1 ∈ ω, points qi ∈ Qi, where
n0 < i ≤ n1, and a clopen set U1 ⊂ U0 such that U1 ∩ (F1 ∪G1) = ∅ and the closed set
Z1 = {q0} × . . . {qn1} ×
∏
{Qi : i > n1} ⊆ U1.
Continuing in this way, we obtain the point q = {q0, q1, . . .} ∈ U which belongs to
U \
⋃
{Fi ∪Gi : i ∈ ω}.
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Hence, V 6= ∪{Fi
⋃
Gi : i ∈ ω}, a contradiction. Thus, Q(k)
ω is nowhere σLW (<k) + Gδσ.
Consider the spaces X and Q(k)ω as dense subsets of B(k). By virtue of Theorem 2.1, there
exists a homeomorphism f : B(k)→ B(k) such that f(X) = Q(k)ω. 
Corollary 2.3. The Baire space B∗(k) is densely homogeneous with respect to the space Q(k)ω.
Proof. Van Engelen [E2] proved that the Cantor set C is densely homogeneous with respect to
the space Qω. In the case k > ω the corollary follows from Theorems 2.1 and 2.2. 
Corollary 2.4. Let X1 and X2 be dense subsets of the Baire space B
∗(k) such that B∗(k)\X1 ≈
B∗(k) \X2 ≈ Q(k)
ω. Then X1 ≈ X2.
Proof. By Corollary 2.3 there exists a homeomorphism f : B∗(k)→ B∗(k) such that f(B∗(k) \
X1) = B
∗(k) \X2. Then f(X1) = X2. 
Corollary 2.5. Let F be an Fσδ-subset of the Baire space B
∗(k). Then F × Q(k)ω ≈ Q(k)ω
and F is homeomorphic to a closed subset of Q(k)ω.
Proof. One can verifies that the product X = F×Q(k)ω satisfies the conditions of Theorem 2.2.
Then X ≈ Q(k)ω. Clearly, F is homeomorphic to a closed subset of F ×Q(k)ω ≈ Q(k)ω. 
3. Some homogeneous Fσδ- and Gδσ-subsets of B(k)
In this Section we give topological characterizations of the products Q(τ)×Q(k)ω and their
dense complements AIIτ,k in the Baire space B(τ), where ω ≤ k ≤ τ . We also investigate
the products Q(τ) × AIIk,k. All these spaces are h-homogeneous. Notice that this list of h-
homogeneous Fσδ- and Gδσ-subsets of B(τ) is not complete.
Theorems 3.10 and 3.23 are Hurewicz-type theorems for Fσδ-subsets of the Baire space B(k).
To establish these results we shall use the following statements.
Theorem 3.1. [M2, Theorem 3.5] Let Y be an h-homogeneous space and X be a weight-
homogeneous space of weight τ . Suppose X is of first category, X ∈ σLF (Y ), and every
nonempty clopen subset of X contains a nowhere dense closed copy of Y . Then X is homeo-
morphic to Q(τ)× Y .
Theorem 3.2. [M2, Theorem 3.13] or [M4, Theorem 4] Suppose X and Y are h-homogeneous
spaces of first category such that w(X) = w(Y ), Y ∈ σLF (X), and X ∈ σLF (Y ). Then X is
homeomorphic to Y .
The last theorem implies the following corollary.
Corollary 3.3. Let X be an h-homogeneous spaces of first category and w(X) ≥ k. Then
X ≈ Q×X ≈ Q(k)×X.
Theorem 3.4. Let ω < k ≤ τ . Let the Baire space B(k) be densely homogeneous with respect
to an h-homogeneous space Y . Then the Baire space B(τ) is densely homogeneous with respect
to the product Q(τ)× Y .
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Van Engelen (see [E4, Theorem 4.7]) proved that if the Cantor set C is densely homogeneous
with respect to an h-homogeneous space A, then C is densely homogeneous with respect to the
product Q×A. Theorem 3.4 generalize this result for the non-separable case. It was announced
in [M3] and proved in [M2] (see [M2, Lemma 5.3]).
Definition 3.5. In this Section we shall often denote the space Q(k)ω byM Ik . Let us introduce
the space AIIk . Fix a dense copy A of Q(k)
ω in B∗(k) and put AIIk = B
∗(k)\A. Let AIk = Q×A
II
k
and M IIk = B
∗(k) \ Y , where Y is a dense copy of AIk in B
∗(k).
Notice that the spaces M Ik and A
I
k are of first category. The spaces M
II
k and A
II
k contain
dense topologically complete subspaces. Clearly, M Ik and M
II
k are absolute Fσδ-sets. The
spaces AIk and A
II
k are absolute Gδσ-sets. Furthermore, each of the spaces M
I
k , M
II
k , A
I
k, and
AIIk is a weight-homogeneous space of weight k.
Theorem 3.6. Let X be an absolute Gδσ-set such that IndX = 0, X is nowhere Fσδ\σLW (<k),
X contains a dense topologically complete subspace, and w(X) = k. Then X ≈ AIIk .
Proof. EmbedX densely inB∗(k). We claim thatB∗(k)\X is nowhere σLW (<k)+Gδσ. Assume
the converse. Then there exists a nonempty clopen subset U ⊂ B∗(k) such that U \X = G∪L,
where G is a Gδσ-subset of B
∗(k) and L ∈ σLW (<k). Without loss of generality, G ∩ L = ∅.
Then
U ∩X = (U \G) \ L ∈ Fσδ \ σLW (<k),
a contradiction. Next, B∗(k) \X is of first category. From Theorem 2.2 it follows that B∗(k) \
X ≈ Q(k)ω. According to Definition 3.5, AIIk = B
∗(k) \ A with A ≈ Q(k)ω. By Corollary 2.4,
X ≈ AIIk . 
Corollary 3.7. AIk, A
II
k , and Q(τ)×A
I
k ≈ Q(τ)×A
II
k are h-homogeneous spaces if ω ≤ k ≤ τ .
Proof. h-Homogeneity of AIIk follows from Theorem 3.6. The spaces A
I
k = Q × A
II
k is h-
homogeneous as the product of two h-homogeneous spaces (see [M2, Lemma 2.3]). Similarly,
Q(τ)× AIIk is h-homogeneous. Since Q(τ) ≈ Q(τ)×Q, we have Q(τ)× A
I
k ≈ Q(τ)× A
II
k . 
Theorem 3.8. The Baire space B∗(k) is densely homogeneous with respect to the space AIIk .
Proof. Let X1 and X2 be two dense copies of A
II
k in B
∗(k). As in the proof of Theorem 3.6 we
obtain that B∗(k) \X1 ≈ B
∗(k) \X2 ≈ Q(k)
ω. By Corollary 2.3 there exists a homeomorphism
f : B∗(k)→ B∗(k) such that f(B∗(k) \X1) = B
∗(k) \X2. Then f(X1) = X2. 
Theorem 3.9. Let ω < k ≤ τ . The Baire space B(τ) is densely homogeneous with respect to
the space Q(τ)× AIk and with respect to the space Q(τ)×M
I
k .
Proof. Using Theorem 3.4 and Corollary 2.3, we obtain that B(τ) is densely homogeneous with
respect to the space Q(τ) ×M Ik . By Corollary 3.7 we have Q(τ) × A
I
k ≈ Q(τ) × A
II
k . From
Theorems 3.4 and 3.8 it follows that B(τ) is densely homogeneous with respect toQ(τ)×AIk. 
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To give an internal description of the spaces AIk, Q(τ)×A
I
k, M
I
k , and Q(τ)×M
I
k we improve
Theorem 1.8.
Theorem 3.10. Let X be an Fσδ-subset of the Baire space B
∗(k) and X /∈ σLW (<k) + Gδσ.
Then there exists a closed subset M ⊂ B∗(k) such that M ∩X is a nowhere dense closed subset
of X, M ∩X ≈M Ik , M \X is a nowhere dense closed subset of B
∗(k) \X, M \X ≈ AIIk , and
M ≈ B∗(k).
Proof. By Theorem 1.8 with F = B∗(k), there exists a closed subset M1 of B
∗(k) such that
M1 ≈ B
∗(k) and the intersection Y1 =M1∩X is nowhere σLW (<k)+Gδσ and of first category.
Clearly, Y1 is an Fσδ-subset of B
∗(k). From Theorem 2.2 it follows that Y1 ≈ Q(k)
ω. Since
Y1 ≈ Q(k) × Q(k)
ω, we can find a nowhere dense closed subset Y ⊂ Y1 with Y ≈ M
I
k . Put
M = Y . Clearly, M ∩ X = Y ≈ M Ik . Since M ≈ B
∗(k), M \ Y is a dense Gδσ-subset of
M . From Theorem 2.2 it follows that M \ Y is nowhere Fσδ \ σLW (<k). Since Y is of first
category, M \ Y contains a dense topologically complete subspace. By virtue of Theorem 3.6,
M \ Y ≈ AIIk . By construction, M \ Y is a closed subset of B
∗(k) \X . Since M is a nowhere
dense closed subset of M1 and M1 \X is dense in M1, we conclude that M \X = M \ Y is a
nowhere dense subset of B∗(k) \X . 
From the last theorem we immediately obtain
Corollary 3.11. Let X be an Fσδ-subset of the Baire space B
∗(k) and X /∈ σLW (<k) + Gδσ.
Then X contains a nowhere dense closed copy of Q(k)ω.
Corollary 3.12. Let X and Y be Fσδ-subsets of the Baire space B
∗(k) andX /∈ σLW (<k)+Gδσ.
Then there exists a nowhere dense closed subset F of X such that F ≈ Y .
Proof. By Corollary 3.11, X contains a nowhere dense closed subset M with M ≈ Q(k)ω. From
Corollary 2.5 it follows that M contains a closed copy F of Y . 
Corollary 3.13. Let Y be a Gδσ-subset of the Baire space B
∗(k) and Y /∈ Fσδ \ σLW (<k).
Then Y contains a nowhere dense closed copy of AIIk .
Proof. The corollary follows from Theorem 3.10 with X = B∗(k) \ Y . 
Remark 3.14. In [M4, Section 5] it was constructed a canonical element M3(k) for Fσδ-subsets
of the Baire space B(k). This means (see [M4]) that M3(k) is an h-homogeneous absolute Fσδ-
set of first category, M3(k) contains a closed copy of any Fσδ-subset of B(k), and w(M3(k)) = k.
In particulary,M3(k) contains a closed copy of Q(k)
ω. Corollary 2.5 shows that the space Q(k)ω
contains a closed copy of M3(k). Theorem 3.1 implies that M3(k) ≈ Q(k)×Q(k)
ω ≈ Q(k)ω.
Let A be a dense subset of B∗(k) such that A ≈ M3(k). By Definition 3.5 we have A
II
k =
B∗(k) \ A. In [M4] the set AIIk was denoted by A3(k). According to [M4, Lemma 6], every
Gδσ-subset of B(k) is homeomorphic to a closed subset of B(k)×A
II
k . Using Theorem 3.6, we
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obtain that B(k) × AIIk ≈ A
II
k . Hence, every Gδσ-subset of B(k) is homeomorphic to a closed
subset of AIIk . In particulary, A
II
k contains a closed copy of A
I
k.
Corollary 3.15. Let X and Y be Gσδ-subsets of the Baire space B
∗(k) and X /∈ Fσδ \
σLW (<k). Then there exists a nowhere dense closed subset F of X such that F ≈ Y .
Proof. By Corollary 3.13, X contains a nowhere dense closed subset M with M ≈ AIIk . Ac-
cording to Remark 3.14, M contains a closed copy F of Y . 
Theorem 3.16. Let X be an absolute Gδσ-set of first category such that IndX = 0, X is
nowhere Fσδ \ σLW (<k), and w(X) = k. Then X ≈ A
I
k.
Proof. Since AIk = Q × A
II
k ≈ Q × A
I
k, the space A
I
k contains a nowhere dense closed copy of
itself. Corollary 3.15 implies that each of the spaces X and AIk contains a nowhere dense closed
copy of another. By Theorem 3.1, X ≈ Q(k)× AIk ≈ A
I
k. 
Theorem 3.17. Let ω ≤ k ≤ τ . Let X be an absolute Gδσ-set of first category such that X is
nowhere Fσδ \ σLW (<k), X ∈ σLW (<k
+), and X ∈ Eτ . Then X ≈ Q(τ)× A
I
k.
Proof. Since X ∈ σLW (<k+), we have X = ∪{Xi : i ∈ ω}, where each Xi is a closed subset of
X and locally of weight ≤k. Using IndX = 0, we can assume that Xi∩Xj = ∅ whenever i 6= j.
We claim that every nonempty clopen subset U ofX contains a nowhere dense closed copy of
AIk. If we assume that each U∩Xi = Fi\Li, where Fi is an absolute Fσδ-set and Li ∈ σLW (<k),
then U ∈ Fσδ \ σLW (<k) contradicting the conditions of the theorem. Hence, there exists a
j ∈ ω such that U ∩ Xj is not Fσδ \ σLW (<k). Clearly, U ∩ Xj is an absolute Gδσ-set. By
Corollary 3.15, U ∩Xj contains a nowhere dense closed copy of A
I
k. Then U is the same. The
claim is proved. ♦
From Corollary 3.15 it follows that each Xi ∈ LF (A
I
k). Hence, X ∈ σLF (A
I
k). Theorem 3.1
implies that X ≈ Q(τ)× AIk. 
Theorem 3.18. Let X be an absolute Fσδ-set such that IndX = 0, X is nowhere σLW (<k) +
Gδσ, X contains a dense topologically complete subspace, and w(X) = k. Then X ≈M
II
k .
Proof. In the case k = ω the theorem was proved by van Engelen (see [E1, Theorem 4.4]).
Let k > ω. By Definition 3.5, M IIk = B(k) \ Y , where Y is a dense copy of A
I
k in B(k).
Embed X densely in B(k). As above, we obtain that B(k) \ X is nowhere Fσδ \ σLW (<k).
Clearly, B(k) \ X is of first category and dense in B(k). From Theorem 3.16 it follows that
B(k) \ X ≈ AIk. According to Theorem 3.9 with k = τ , the Baire space B(k) is densely
homogeneous with respect to the space Q(k) × AIk. By Corollary 3.3, Q(k) × A
I
k ≈ A
I
k. Then
there exists a homeomorphism f : B(k) → B(k) such that f(B(k) \ X) = B(k) \ Y . Hence,
f(X) =M IIk . 
Corollary 3.19. M IIk and Q(τ)×M
II
k are h-homogeneous spaces if ω ≤ k ≤ τ .
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Proof. h-Homogeneity ofM IIk follows from Theorem 3.18. The spaceQ(τ)×M
II
k is h-homogeneous
as the product of two h-homogeneous spaces (see [M2, Lemma 2.3]). 
Corollary 3.20. 1) Q×M IIk is homeomorphic to Q(k)
ω.
2) Q(τ)×M IIk is homeomorphic to Q(τ)×Q(k)
ω if ω ≤ k ≤ τ .
Proof. The first part of the corollary follows from Theorems 3.18 and 2.2. The second part
follows from the first part. 
Theorem 3.21. Let ω ≤ k ≤ τ . Let X be an absolute Fσδ-set of first category such that X is
nowhere σLW (<k) +Gδσ, X ∈ σLW (<k
+), and X ∈ Eτ . Then X ≈ Q(τ)×M
I
k .
Proof. Since X ∈ σLW (<k+), we have X = ∪{Xi : i ∈ ω}, where each Xi is a closed subset of
X and locally of weight ≤k.
We claim that every nonempty clopen subset U of X contains a nowhere dense closed copy
of M Ik . If we assume that each U ∩ Xi = Gi ∪ Li, where Gi is an absolute Gδσ-set and
Li ∈ σLW (<k), then U ∈ σLW (<k)+Gδσ contradicting the conditions of the theorem. Hence,
there exists a j ∈ ω such that U ∩Xj is not σLW (<k) + Gδσ. Clearly, U ∩Xj is an absolute
Fσδ-set. By Corollary 3.11, U ∩ Xj contains a nowhere dense closed copy of M
I
k . Then U is
the same. The claim is proved. ♦
From Corollary 2.5 it follows that each Xi ∈ LF (M
I
k ). Hence, X ∈ σLF (M
I
k ). Theorem 3.1
implies that X ≈ Q(τ)×M Ik . 
Theorem 3.22. The Baire space B∗(k) is densely homogeneous with respect to the space M IIk .
Proof. In the case k = ω the theorem was proved by van Engelen (see [E1, Theorem 4.4]).
Let k > ω. Consider two dense copies X1 and X2 of M
II
k in B(k). As in the proof of
Theorem 3.18 we obtain that B(k) \X1 ≈ B(k) \X2 ≈ A
I
k. By Theorem 3.9 with k = τ , the
Baire space B(k) is densely homogeneous with respect to the space Q(k) × AIk ≈ A
I
k. Hence,
there exists a homeomorphism f : B(k) → B(k) such that f(B(k) \ X1) = B(k) \ X2. Then
f(X1) = X2. 
The following theorem is a modification of Theorem 3.10.
Theorem 3.23. Let X be an Fσδ-subset of the Baire space B
∗(k) and X /∈ σLW (<k) + Gδσ.
Then there exists a closed subset M ⊂ B∗(k) such that M ∩X is a nowhere dense closed subset
of X, M ∩X ≈M IIk , M \X is a nowhere dense closed subset of B
∗(k) \X, M \X ≈ AIk, and
M ≈ B∗(k).
Proof. To proof the theorem we repeat the proof of Theorem 3.10 with the subset Y ≈ M IIk
of Y1 instead of Y ≈ M
I
k . We can do this, because the space Q(k)
ω contains a nowhere dense
closed copy of M IIk . 
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Definition 3.24. For given cardinals k and τ , where ω ≤ k ≤ τ , fix a dense copy A of
Q(τ)×M Ik in the Baire space B
∗(τ). Denote B∗(τ) \A by AIIτ,k. Put M
II
τ,k = B
∗(τ) \ Y , where
Y is a dense copy of Q(τ)× AIk in B
∗(τ).
Notice that AIIk,k = A
II
k and M
II
k,k = M
II
k .
Theorem 3.25. Let ω < k ≤ τ . Let X be an absolute Gδσ-set such that X contains a dense
topologically complete subspace, X is nowhere Fσδ \ σLW (<k), X ∈ Gδ \ σLW (<k
+), and
X ∈ Eτ . Then X ≈ A
II
τ,k.
Proof. SinceX ∈ Eτ , we can embedX in B(τ) as a dense Gδσ-subset. FromX ∈ Gδ\σLW (<k
+)
it follows that X = G \ L, where G is a dense Gδ-subset of B(τ) and L ∈ σLW (<k
+). Then
G ≈ B(τ). Since X is nowhere Fσδ \ σLW (<k), we see that the set Z = G \ X is nowhere
σLW (<k) + Gδσ. Clearly, Z is dense in G and of first category. By virtue of Theorem 3.21,
Z ≈ Q(τ)×M Ik . From Theorem 3.9 it follows that there exists a homeomorphism f : G→ B(τ)
such that f(Z) = A, where the set A is given by Definition 3.24. Then f(X) = AIIτ,k. 
In such a way we can prove the following theorem.
Theorem 3.26. Let ω < k ≤ τ . Let X be an absolute Fσδ-set such that X contains a dense
topologically complete subspace, X is nowhere Gδσ + σLW (<k), X ∈ Gδ \ σLW (<k
+), and
X ∈ Eτ . Then X ≈M
II
τ,k.
Using Theorems 3.25 and 3.26, we obtain
Corollary 3.27. Let ω < k ≤ τ . The spaces AIIτ,k and M
II
τ,k are h-homogeneous.
Remark 3.28. If k < τ , then M IIτ,k is not homeomorphic to M
II
τ and A
II
τ,k is not homeomorphic
to AIIτ .
Theorem 3.29. Let X be a homogeneous absolute Gδσ-set of first category such that X /∈
Fσδ \ σLW (<k), X ∈ σLW (<k
+), and X ∈ Eτ , where ω ≤ k ≤ τ . Then X ≈ Q(τ) × A
I
k ≈
Q(τ)× AIIk .
Proof. Assume that there exists a nonempty clopen subset U ⊂ X with U ∈ Fσδ \ σLW (<k1)
for some k1 ≤ k. Using homogeneity of X , we can find a clopen cover U of X consisting of sets
that are homeomorphic to U . Since IndX = 0, there exists a refinement V of U consisting of
pairwise disjoint nonempty clopen subsets. Then
X = ∪V ∈ Fσδ \ σLW (<k1) ⊆ Fσδ \ σLW (<k),
a contradiction with the choose of k. Hence, X is nowhere Fσδ \ σLW (<k).
From Theorem 3.17 it follows that X ≈ Q(τ)× AIk. It remains to apply Corollary 3.7. 
In such a way we can prove the following theorem.
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Theorem 3.30. Let X be a homogeneous absolute Fσδ-set of first category such that X /∈
σLW (<k) + Gδσ, X ∈ σLW (<k
+), and X ∈ Eτ , where ω ≤ k ≤ τ . Then X ≈ Q(τ) ×M
I
k ≈
Q(τ)×M IIk .
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